Abstract. Let A be the incidence matrix of passant lines and internal points with respect to a conic in PG(2, q), where q is an odd prime power. In this article, we study both geometric and algebraic properties of the column F 2 -null space L of A. In particular, using methods from both finite geometry and modular presentation theory, we manage to compute the dimension of L, which provides a proof for the conjecture on the dimension of the binary code generated by L.
Introduction
Let PG(2, q) be the classical projective plane of order q with underlying 3-dimensional vector space V over F q , the finite field of order q. Throughout this article, PG(2, q) is represented via homogeneous coordinates. Namely, a point is written as a non-zero vector (a 0 , a 1 , a 2 ) and a line is written as [b 0 , b 1 , b 2 ] where not all b i (i = 1, 2, 3) are zero. The set of points O := {(1, r, r 2 ) | r ∈ F q } ∪ {(0, 0, 1)} (1.1) give rise to a geometric object called conic in PG(2, q) [7] . The above set also comprises the projective solutions of the nondegenarate quadratic equation
over F q . With respect to O, the lines of PG(2, q) are partitioned into passant lines (P a), tangent lines (T ), and secant lines (Se) accordingly as the sizes of their intersections with O are 0, 1, or 2. Similarly, points are partitioned into internal points (I), conic points (O), and external points (E) accordingly as the numbers of tangent lines on which they lie are 0, 1, or 2.
In [4] , one low-density parity-check binary code was constructed using the column F 2 -null space L of the incidence matrix A of passant lines and internal points with respect to O. With the help of computer software Magma, the authors made a conjecture on the dimension of L as follows: Let F be an algebraic closure of F 2 . The idea of proving Conjecture 1.1 is to first realize L as an F H-module and then decompose it into a direct sum of its certain submodules whose dimensions can be obtained easily. More concretely speaking, we view A as the matrix of the following homomorphism φ of free F -modules:
which first sends an internal point to the formal sum of all internal points on its polar, and then extends linearly to the whole of F I . Additionally, it can be shown that φ is indeed an F H-module. Consequently, computing the dimension of the column F 2 -null space amounts to finding the dimension of the F -null space of φ. To this end, we investigate the underlying F H-module structure of L by applying Brauer's theory on the 2-blocks of H and arrive at a convenient decomposition of L.
This article is organized in the following way. In Section 2, we establish that the matrix A satisfying the relation A 3 ≡ A (mod 2) under certain orderings of its rows and columns; this relation, in turn, reveals a geometric discription of Ker(φ) as well as yields a set of generating elements of Ker(φ) in terms of the concept of internal neighbors. In Section 3, the parity of intersection sizes of certain subsets of H with the conjugacy classes of H are computed. We will then in Section 4 review several facts about the 2-blocks of PSL(2, q) and the block idempotents of the 2-blocks of PSL(2, q); the detailed calculations of the 2-block idempotents were performed in [17] . Combining the results in Sections 3 and 4 with Brauer's theory on blocks, we are able to decompose Ker(φ) into a direct sum of all non-isomorphic simple F H-modules or this sum plus a trivial module depending on q. Consequently, the dimension of L follows as a lemma.
Geometry of Conics
First we recall several well-known results related to the geometry of conics in PG(2, q) with q odd. The books [8] and [7] are the references for what follows.
A collineation of PG(2, q) is an automorphism of PG(2, q), which is a bijection from the set of all points and all lines of PG(2, q) to itself that maps a point to a line and a line to a point, and preserves incidence. It is well known that each element of GL (3, q) , the group of all 3 × 3 non-singular matrices over F q , induces a collineation of PG(2, q). The proof of the following lemma is straightforward.
be a point and a line of PG(2, q), respectively. Suppose that θ is a collineation of PG(2, q) that is induced by D ∈ GL(3, q). If we use P θ and ℓ θ to denote the images of P and ℓ under θ, respectively, then
, where c 0 , c 1 , c 2 correspond to the first, the second, and the third coordinate of the vector
A correlation of PG(2, q) is a bijection from the set of points to the set of lines as well as the set of lines to the set of points that reverses inclusion. A polarity of PG(2, q) is a correlation of order 2. The image of a point P under a correlation σ is denoted by P σ , and that of a line ℓ is denoted by ℓ σ . It can be shown [7, p. 181 ] that the non-degenerate quadratic form Q(X 0 , X 1 , X 2 ) = X 2 1 −X 0 X 2 induces a polarity σ (or ⊥) of PG(2, q), which can be represented by the matrix For example, if P = (x, y, z) is a point of PG(2, q), then its image under σ is
For convenience, we will denote the set of all non-zero squares of F q by 2 q , and the set of non-squares by 2 q ; also, F * q is the set of non-zero elements of F q . Lemma 2.3. ( [7, p. 181-182] ) Assume that q is odd.
(i) The polarity σ above defines three bijections; that is, σ : I → P a, σ : E → Se, and σ : O → T are all bijections.
The results in the following lemma can be obtained by simple counting; see [7] for more details and related results.
Lemma 2.4. ([7, p. 170]) Using the above notation, we have
Also, we have the following tables: We define
In the rest of the article, we always use ξ to denote a fixed primitive element of F q . For a, b, c ∈ F q , we define
For the convenience of discussion, we adopt the following special representatives of G from [17] :
(2.4) Moreover, the following holds.
Lemma 2.6. [6] The group G acts transitively on both I (respectively, P a) and E (respectively, Se).
The following result was proved in [17] and will be used frequently.
Lemma 2.7. [17, Lemma 2.9] Let P be a point not on O, ℓ a non-tangent line, and P ∈ ℓ. Using the above notation, we have the following.
(i) If P ∈ I and ℓ ∈Pa, then P ⊥ ∩ ℓ ∈ E if q ≡ 1 (mod 4), and
(ii) If P ∈ I and ℓ ∈Se, then P ⊥ ∩ ℓ ∈ I if q ≡ 1 (mod 4), and
Next we define 2 q − 1 := {s − 1 | s ∈ 2 q } and 2 q − 1 := {s − 1 | s ∈ 2 q }.
Lemma 2.8. [18] Using the above notation,
Definition 2.9. Let P be a point not on O and ℓ a line. We define E ℓ and I ℓ to be the set of external points and the set of internal points on ℓ, respectively, P a P and Se P the set of passant lines and the set of secant lines through P, respectively, and T P the set of tangent lines through P. Also, N(P) is defined to be the set of internal points on the passant lines through P including or excluding P accordingly as q ≡ 3 (mod 4) or q ≡ 1 (mod 4).
Remark 2.10. Using the above notation, for P ∈ I, we have
; and |N(P)| =
accordingly as q ≡ 1 (mod 4) or q ≡ 3 (mod 4).
Let P ∈ I, ℓ ∈ P a, g ∈ G, and W ≤ G. Using standard notations from permutation group theory, we have
P . We will use these results later without further reference. Also, the definition of G yields that (
where ⊥ is the above defined polarity of PG(2, q). Proposition 2.11. Let P ∈ I and set K := G P . Then K is transitive on I P ⊥ , E P ⊥ , P a P , and Se P , respectively.
Proof: Witt's theorem [9] implies that K acts transitively on isometry classes of the form Q on the points of P ⊥ . Note that K = G P ⊥ by the definition of G. Dually, we must have that K is transitive on both P a P and Se P .
Recall that N(P) for P ∈ I is the set of internal points on the passant lines through P, where P is included or not accordingly as q ≡ 3 (mod 4) or q ≡ 1 (mod 4).
Theorem 2.12. Let P ∈ I and ℓ ∈ P a. Then |N(P) ∩ I ℓ | ≡ 0 (mod 2).
Proof: If P ∈ ℓ, it is clear that
which is even. Therefore, |N(P) ∩ I ℓ | ≡ 0 (mod 2) for this case. If ℓ = P ⊥ , by Lemma 2.7(i), we have
which is even. Hence, |N(P) ∩ I ℓ | ≡ 0 (mod 2) for this case. Now we assume that neither ℓ = P ⊥ nor P ∈ ℓ. As G is transitive on P a and preserves incidence, we may take ℓ = P
, where P 1 = (1, 0, −ξ) ∈ I. Since P is either on a passant line through P 1 or on a secant line through P 1 , the rest it to show that |N(P) ∩ I ℓ | is even for any P on a line through P 1 with P / ∈ ℓ and P = P 1 . Case I. P is a point on a secant line through P 1 and P / ∈ ℓ. Since K = G P 1 acts transitively on Se P 1 by Proposition 2.11, it is enough to establish that |N(P) ∩ I ℓ | is even for an arbitrary internal point on a special secant line, ℓ 1 say, through P 1 . To this end, we may take ℓ 1 = [0, 1, 0]. It is clear that
consists of the lines through both P and the points on ℓ. Note that the number of passant lines in D j is determined by the number of s satisfying both
and
Since, s = 0 and whenver s satisfies both (2.6) and (2.7), so does −s, we see that |N(P)∩I ℓ | must be even in this case. Case II. P is an internal point on a passant line through P 1 and P / ∈ ℓ. By Lemma 2.7, we may assume that P ∈ P ⊥ 3 , where P 3 = (1, x, ξ) ∈ I ℓ with x ∈ F * q and
Let (1, y, ξ) be a point on ℓ. Using (2.8) and (2.9), we have that L fixes (1, y, ξ) if and only if xy
, ξ) are the only points of the form (1, s, t) on ℓ fixed by L. Since P ∈ P ⊥ 3 , P = P 1 and
, n) for some n = ξ. Now if we denote by V the set of passant lines through P that meet ℓ in an internal point, then it is clear that |V| = |N(P) ∩ I ℓ |. Direct computations give us that L P ∼ = Z 2 . Since P 3 and P are both fixed by L P , it follows that both ℓ P 3 ,P and P ⊥ 3 are fixed by L P . Note that when q ≡ 3 (mod 4), both P ⊥ 3 and ℓ P 3 ,P are in V; and when q ≡ 1 (mod 4), neither ℓ P 3 ,P nor P ⊥ 3 is in V. If there were another line ℓ ′ through P which is distinct from both P ⊥ 3 and ℓ P 3 ,P and which is also fixed by L P , then L P would fix at least three points on ℓ = P ⊥ , namely, ℓ ′ ∩ ℓ, P ⊥ 3 ∩ ℓ, and P 3 . Since no further point of the form (1, s, t) except for P 3 and ℓ ∩ P ⊥ 3 can be fixed by L due to the above discussion, we must have
Using the fact that L P preserves incidence, we conclude that when q ≡ 1 (mod 4), L P has |V| 2 orbits of length 2 on V; and when q ≡ 3 (mod 4), L P has two orbits of length 1, namely, {P ⊥ 3 } and {ℓ P 3 ,P }, and
orbits of length 2 on V. Either forces |V| to be even. Therefore,
Recall that A is the incidence matrix of P a and I whose columns are indexed by the internal points P 1 , P 2 ,..., P N and whose rows are indexed by the passant lines P ⊥ 1 , P ⊥ 2 ,..., P ⊥ N ; and A is symmetric. For the convenience of discussion, for P ∈ I, we define
That is, N(P) is the set of the internal points on the passant lines through P including P. It is clear that for 
Therefore, the i-th row of A 2 (mod 2) indexed by P i can be viewed as the characteristic row vector of N(P i ).
and there are q−1 2 internal points other than P i on P ⊥ j that are connected with P i by the passant line P
The lemma follows immediately.
The Conjugacy Classes and Intersection Parity
In this section, we present detailed information about the conjugacy classes of H and study their intersections with some special subsets of H. (
if q ≡ 3 (mod 4), where θ i ∈ 2 q , θ i = 4, and In the following, for convenience, we frequently use C to denote any one of D, [0], [4] ,
3.2. Intersection properties.
Definition 3.3. Let P, Q ∈ I, W ⊆ I, and ℓ ∈ P a. We define
That is, H P,Q consists of all the elements of H that map the passant line P ⊥ to a passant line through Q, S P,ℓ is the set of elements of H that map P ⊥ to the passant line ℓ, and U P,W is the set of elements of H that map P to a point in W .
Using the above notation, we have that
In the following discussion, we will use these results without further reference.
Next we compute the size of the intersection of each conjugacy class of H with K which is a stabilizer of an internal point in H. Proof: Let Q = (1, 0, −ξ) and K 1 = H Q . As H is transitive on I, Q g = P for some g ∈ H. Moreover,
Therefore, to prove the corollary, it is sufficient to assume that P = Q. It is obvious that |D ∩K| = 1. Let g ∈ K ∩C. Using (2.5), we have that the quadruples (a, b, c, d) determining g satisfy the following equations
where
and ( In the following lemmas, we investigate the parity of |H P,Q ∩ C| for C = [0] and P, Q ∈ I. Recall that ℓ P,Q is the line through P and Q.
). First assume that q ≡ 1 (mod 4).
(i) If ℓ P,Q ∈ P a P , then |H P,Q ∩ C| is always even.
(ii) If ℓ P,Q ∈ Se P , Q / ∈ P ⊥ , and
Proof: We only provide the detailed proof for the case when q ≡ 1 (mod 4). Since G acts transitively on I and preserves incidence, without loss of generality, we may assume that P = (1, 0, −ξ) and let K = G P . Since K is transitive on both P a P and Se P by Proposition 2.11 and
we may assume that Q is on either ℓ 1 or ℓ 2 , where
In this case, Q = (1, x, −ξ) for some x ∈ F * q and x 2 + ξ ∈ 2 q , and
Using (2.5), we obtain that
It is obvious that d(1, 1, 1) fixes each line in P a Q . From
it follows that a line of the form [1, s, (1 + sx)ξ −1 ] is fixed by K Q if and only if s = 0 or
is a secant line, we obtain that K Q on P a Q has one orbit of length 1, i.e. {ℓ 1 = [1, 0, ξ −1 ]}, and all other orbits, whose representatives are R 1 , have length 2. From
it follows that the parity of |H P,Q ∩ C| is determined by that of |S P,ℓ 1 ∩ C|. Here we used the fact that |S P,ℓ ∩ C| = |S P,ℓ ′ ∩ C| if {ℓ, ℓ ′ } is an orbit of K P on P a Q . Meanwhile, it is clear that |S P,ℓ 1 ∩ D| = 0.
Note that the quadruples (a, b, c, d) that determine group elements in S P,ℓ 1 ∩ C are the solutions to the following equations give rise to the same group element, we conclude that |S P,ℓ 1 ∩ C| is 0, 2, or 4. Case II. Q ∈ ℓ 2 , Q / ∈ P ⊥ , and Q = P. In this case, Q = (1, 0, −y) for some y ∈ 2 q and y = ±ξ. Using (2.5), we obtain that
} has one orbit of length 1, that is, {ℓ 4 = [1, 0, y −1 ]}, and all other orbits are of length 2. Similar arguments as above show that the parity of |H P,Q ∩ C| is the same as that of |S P,ℓ 4 ∩ C|. So the rest is to find the parity of |S P,ℓ 4 ∩ C|. The group elements in S P,ℓ 4 ∩ C are determined by the quadruples (a, b, c, d ) satisfying the following equations: Case III. Q = ℓ 2 ∩ P ⊥ . In this case, Q = (1, 0, ξ) and the set of passant lines through Q is
Therefore, among the orbits of K Q on P a Q , {[1, 0, −ξ −1 ]} is the only one of length 1 and all others are of length 2. Hence, the parity of |H P,Q ∩ C| is the same as that of |S P,P ∩ C| which is the same as that of |K ∩ C|; by Corollary 3.4, it follows that |K ∩ C| is odd if and only if C = D.
For Q ∈ I, we denote by N(Q) the complement of N(Q) in I, that is, N(Q) = I \N(Q). Lemma 3.6. Let P and Q be two distinct internal points.
Assume that q ≡ 1 (mod 4).
(i) If ℓ P,Q ∈ P a P and
Proof: Without loss of generality, we can choose P = (1, 0, −ξ). Since K = G P acts transitively on both P a P and Se P , we may assume that Q = P is on either a special passant line ℓ 1 = [1, 0, ξ −1 ] or a special secant line ℓ 2 = [0, 1, 0] through Q. Case I. ℓ 1 = ℓ P,Q ∈ P a P . In this case, Q = (1, x, −ξ) for some x ∈ F q with u 2 + ξ ∈ 2 q and its internal neighbor is N(Q) = {(1, u, −ξ) | u 2 + ξ ∈ 2 q } \ {(1, x, −ξ)} by definition. As P ∈ N(Q), it is obvious that |U P,N (Q) ∩ D|=1. Since the action of K Q on P a Q has one orbit of length 1, i.e. ℓ 1 , and all others are of length 2, whose representatives form the set R 1 , we obtain that
(3.5)
Now let P 1 = (1, u, −ξ) ∈ I ℓ 1 \ {Q}. Then the number of group elements that map P to P 1 is determined by the quadruples (a, b, c, d) which are the solutions to the following system of equations:
The first two equations in (3.6) yield
If both s 2 ξ − (2 + A)ξ and s 2 ξ − (2 − A)ξ are squares, we set B + = s 2 ξ − (2 + A)ξ and
combining with the last two equations of (3.6), we have
The discriminant of (3.7) or (3.8) is
Consequently, the equations in (3.6) have 8 solutions and yield 4 different group elelments. If one of s 2 ξ − (2 + A)ξ and s 2 ξ − (2 − A)ξ is a square and the other is nonsquare, similar arguments as above give that the equations in (3.6) have 4 solutions and produce 2 different group element. If one of s 2 ξ − (2 + A)ξ and s 2 ξ − (2 − A)ξ is zero, then s 2 is one of 2 + A and 2 − A; and moreover it is one of π k for 1
∈ 2 q and −1 ∈ 2 q . Consequently, the equations in (3.6) yield either 1 or 3 group elements in [s 2 ]. Therefore, if |U P,N (Q) ∩ C| is odd, then C = D or [π k ] for one k.
Case II. ℓ 2 = ℓ P,Q ∈ Se P and Q / ∈ P ⊥ . Then Q = (1, 0, −y) for y / ∈ 2 q and y = ±ξ. From the proof of Case II in Lemma 3.5, we have that K Q = {d (1, 1, 1), ad(−1, 1, −1 )}, and among the orbits of K Q on P a P , K Q has only one orbit of length 1, that is, ℓ 4 = [1, 0, y −1 ]; and all other orbits are of length 2 whose representatives form the set R. Since |U P,I ℓ i ∩ C| = |U P,I ℓ j ∩ C| where ℓ i , ℓ j ∈ P a P and ℓ j = ℓ g i for g ∈ K Q , we obtain that
Moreover, since the orbits of K Q on I ℓ 4 \ {Q}, whose representatives form the set R 1 , are of length 2 and |U P,P 1 ∩ C| = |U P,P 2 ∩ C| for P 2 = P g 1 , the first term of the last expression in (3.9) can be rewritten as
So |U P,N (Q) ∩ C| is even in this case.
Case III. P = ℓ 2 ∩ P ⊥ . In this case, we have Q = (1, 0, ξ). Among the orbits of K Q on P a P , only one has length 1, i.e. P ⊥ . Moreover, all the orbits of K Q on I P ⊥ \ {Q} are of length 2. Hence |U P,N (Q) ∩ C| is even.
The case when q ≡ 3 (mod 4) can be established in the same way and we eliminate the detail.
Group Algebra F H

2-Blocks of H.
In this section we recall several results on the 2-blocks of H ∼ = PSL(2, q). We refer the reader to [14] or [2] for a general introduction on this subject.
Let R be the ring of algebraic integers in the complex field C. We choose a maximal ideal M of R containing 2R. Let F = R/M be the residue field of characteristic 2, and let * : R → F be the natural ring homomorphism. Define
Then it is clear that the map * : S → F defined by ( r s ) * = r * (s * ) −1 is a ring homomorphism with kernel P = { r s | r ∈ M, s ∈ R \ M}. In the rest of this article, F will always be the field of characteristic 2 constructed as above. Note that F is an algebraic closure of F 2 .
As a convention, we use Irr(H) and IBr(H) to denote the set of irreducible ordinary characters and the set of irreducible Brauer characters of H, respectively.
In the following, the irreducible characters of H are classified according to the character tables of PSL(2, q) displayed in Appendix.
Lemma 4.1. ([10] , [11] , [15] ) The irreducible ordinary characters of H are: = χ 0 , γ, χ 1 , ..., χq−1   4   , β 1 , β 2 , φ 1 , ..., φ 
;
The following lemma illumstrates how the irreducible ordinary characters of H are partitioned into 2-blocks. , and
, each of which contains an irreducible ordinary character χ s of degree q − 1.
, each of which contains 2 n−1 irreducible ordinary characters
Now assume that q ≡ 3 (mod 4) and q + 1 = m2 n , where 2 ∤ m .
, where χ 0 = 1 is the trivial character of H, γ is the irreducible character of degree q of H, η 1 and η 2 are the two irreducible characters of degree
, and
, each of which contains an irreducible ordinary character φ r of degree q + 1.
Moreover, the above blocks form all the 2-blocks of H. 
where cl(H) is the set of conjugacy classes of H, C is the sum of elements in the class C, and
with a fixed element x C ∈ C.
Theorem 4.4. Let B ∈ Bl(H). Then f B ∈ Z(SH). In other words, f B ( C) ∈ S for each block of H.
Proof: It follows from Corollary 3.8 in [14] .
We extend the ring homomorphism * : S → F to a ring homomorphism * :
which is the block idempotent of B. Note that e B e B ′ = δ BB ′ e B for B, B ′ ∈ Bl(H), where δ BB ′ equals 1 if B = B ′ , 0 otherwise. Also 1 = B∈Bl(H) e B . All the block idempotents of the 2-blocks of H are given in the following lemma; see [17] for the detailed calculations. 
Now assume that q ≡ 3 (mod 4). Suppose that q + 1 = m2 n with 2 ∤ m.
Let M be an SH-module. We denote the reduction M/PM, which is an F H-module, by M . Then the following lemma is apparent.
Lemma 4.6. Let M be an SH-module and B ∈ Bl(H). Using the above notation, we have
i.e. reduction commutes with projection onto a block B.
Linear Maps and Their Matrices
Let F be the algebraic closure of F 2 defined in Section 4. Recall that for P ∈ I, N(P) is the set of external points on the passant lines through P with P included or excluded accordingly as q ≡ 3 (mod 4) or q ≡ 1 (mod 4). We define D to be the incidence matrix of N(P) (P ∈ I) and I. Correspondingly, the rows of D can be viewed as the characteristic vectors of N(P). In the following, we always regard both D and A as matrices over F . Moreover, it is clear that D = A 2 + I, where I is the identity matrix of proper size. (iv) If q ≡ 7 (mod 8), then
, may not be distinct.
Proof: We provide the proof for the case when q ≡ 1 (mod 4). Let 1 H be the trivial character of H. By the Frobenius reciprocity [5],
Let χ s be an irreducible character of degree q − 1 of H, where 1 ≤ s ≤ q−1 4
. We denote the number of elements of K lying in the class [π k ] by d k . Then d k = 2 by Lemma 3.4(iii), and so
where Since H preserves incidence, it is obvious that, for P ∈ I and h ∈ H,
In the rest of the article, we always view C P as a vector over F . Consider the maps φ and µ from F I to F I defined by extending
linearly to F I , respectively. Then it is clear that as F -linear maps, the marices of φ and µ, are A and D, respectively, and for x ∈ F I , φ(x) = xA and µ(x) = xD. Moreover, we have the following result since H is transitive on I and preserves incidence:
Lemma 5.4. The maps φ and µ are both F H-module homomorphisms from F I to F I .
We will always use 0 and0 to denote the all-zero row vector of length |I| and the all-zero matrix of size |I| × |I|, respectively; and we denote byĴ and J the all-one row vector of length |I| and the all-one matrix of size |I| × |I|. . If x ∈ Ker(φ 2 ), then x ∈ Ker(φ) since
Applying the Fitting decomposition theorem [12, p. 285 ] to the operator φ, we can find an i such that F E = Ker(φ i ) ⊕ Im(φ i ). From the above discussions, we must have
Corollary 5.6. As F H-modules, Ind
The conclusion follows immediately from Proposition 5.5 and the fact that Ind
Using the above notation, we set C = D + J, where J is the all-one matrix of proper size. Then the matrix C can be viewed as the incidence matrix of N(P) (P ∈ I) and I, and so C P C = C N (P) .
Let µ 2 be the F H-homomorphism from F I to F I whose matrix with respect to the natural basis is C. The following proposition is clear. Proof: Let y ∈ Ĵ ∩ Im(µ 2 ). Then y = µ 2 (x) = λĴ for some λ ∈ F and x ∈ F I . Or equivalently, we have µ 2 (x) = xC = x(A 2 + I + J) = λĴ. Note that J 2 = J andĴJ =Ĵ since 2 ∤ |I| when q ≡ 3 (mod 4). Moreover, A 2 J =0 as each row of A 2 , viewed as the characteristic vector of N(P), has an even number of 1s. Consequently, λĴ = λĴJ = x(A 2 + I + J)J = x(A 2 J + IJ + J 2 ) = x(0 + J + J) = 0.
It follows that λ = 0. Therefore, we must have Ĵ ∩ Im(µ 2 ) = 0. It is obvious that Ĵ + Im(µ 2 ) ⊆ Ker(φ). Let x ∈ Ker(φ). Then x = y(A 2 + I) for some y ∈ F I . Since yJ = y,Ĵ Ĵ , we obtain that x = y(A 2 + I + J) + y,Ĵ Ĵ , where y,Ĵ is the standard inner product of the vectors y andĴ. Hence x ∈ Ĵ + Im(µ 2 ) and so Ker(φ) = Ĵ ⊕ Im(µ 2 ).
Statement and Proof of Main Theorem
The main theorem is stated as follows. are pairwise non-isomorphic simple F H-modules of dimension q + 1 and Ĵ is the trivial F H-module generated by the all-one column vector of length |I|.
To prove the main theorem, we need refer to the following lemma. Proof: It is clear that Im(φ), Ker(φ), and Im(µ 2 ) are generated by {C P ⊥ | P ∈ I}, {C N (P) | P ∈ I}, and {C N (P) | P ∈ I} over F , respectively. Now let B ∈ Bl(H). Since 
